The Hierarchy inside p.r. Reals
When we limit the function class F to be p.r. functions, it will lead to the definitions of various versions of "p.r. real numbers". Denote by
• R 4 =the classes of real numbers which have p.r. continued fraction,
• R 3 =the classes of real numbers which have p.r. Dedekind cut,
• R b 2 =the classes of real numbers which have p.r. b-adic expansion,
• R 1 =the classes of real numbers which have p.r. Cauchy representation,
• R 0 = the classes of real numbers which have p.r. nested interval representations.
That is, R 4 = CF(F), R 3 = DC(F), R b 2 = bAE(F), R 1 = CS(F), R 0 = NI(F).
We will see that the relationship among these classes is as follows.
First of all, we give an equivalent definitions of nested interval representation of a real.
Definition 2 A p.r. approximation of a real x is a pair (a, e) of p.r. functions a, e : N → Q such that 1. e is monotonically decreasing and converges to 0; and 2. |a(n) − x| ≤ e(n) holds for all n ∈ N.
Lemma 3 A real number has a p.r. nested interval representation if and only if it has a p.r. approximation.
The Nested Interval Representation
Theorem 4 (Skordev01) A real number is computable if and only if it has a p.r. approximation.
Proof sketch: "⇐": trivial;
"⇒": if x is computable, then there is a computable function f : N → Q such that |f (n) − x| ≤ 2 −n . Let M be a Turing machine which computes the function f , then there is a p.r. predicate T such that T (n, y, s) holds if and only if the machine M with the input n outputs y in s steps. Therefore, f (n) = y if and only if T (n, y, s) for some s. Then we can easily construct a p.r. approximation for x .
Corollary 5 A real number has a p.r. nested interval representation if and only if it is computable. That is,
Cauchy Representation
There are several different but equivalent versions of p.r. "Cauchy representation" of a real.
Proposition 6 Let x be a real number. Then the following conditions are equivalent.
1. x has a p.r. Cauchy representation f , i.e., |x − f (n)| ≤ 2 −n for all n;
2. There is a p.r. function f : N → Q and a p.r. function e :
N → N such that
3. There is a p.r. function f :
4. There is a p.r. function f : N → Q and a p.r. function e :
The Cauchy Representation
Theorem 7 The class of Cauchy p.r. real numbers is closed under arithmetical operations. That is, it is a field.
By a simply diagonalization against all p.r. Cauchy representations, it is easy to construct a computable real number which does not have p.r. Cauchy representation. That is we have
Theorem 8
The class of Cauchy p.r. reals is a proper subset of computable reals. That is,
Representations by b-adic Expansion
On the other hand, Specker [Specker49] shows that R 10 2 = R 1 Lemma 9 (Specker49) There are p.r. functions u and v such that the function q defined by
is not a p.r. function.
Representations by b-adic Expansion
Theorem 10 (Specker49) There exists a decimal p.r. real number x such that 3x is not decimal p.r. where " ? " can be 3 or 4 depending on the first non-3 digit of x after this place is equal to 1 or 5.
Then it is not hard to prove it by Lemma 9.
Remark 11 By the same kind of construction of Specker's, it is not hard to see that any p.r. b-adic expansion reals is not closed under arithmetical operations.
Corollary 12
The class of b-adic expansions p.r. reals is a proper subset of the class of Cauchy p.r. real numbers, i.e., 
The Dedekind Cut Representation
By definition, the (left) Dedekind cut of a real number x is the set C x := {r ∈ Q : r < x} of rational numbers. However, we can avoid this by considering the relation L x defined by L x (m, n) ⇐⇒ : m/(n + 1) < x and say that x has a p.r. Dedekind cut if the relation L x is p.r.
Definition 15
For any positive real number x and natural numbers n, m, we have m/(n + 1) < x ⇐⇒ m ≤ (n + 1) · x where y denotes the integer part of the real number y, i.e., the maximal natural number t such that t ≤ y. The function f (n) := n · x is also called Beatty function or Beatty sequence of x.
By the above observation, we have immediately the following description of Dedekind p.r. real numbers. Definition 17 The Farey sequence of order n is the increasing sequence of irreducible fractions between 0 and 1 which have denominators less than or equal to n. In general, the Farey sequence F n of order n is an increasing sequence of irreducible fractions s/t such that 0 ≤ s ≤ t ≤ n and t = 0.
Example 18 For example, the Farey sequence of order four is F 4 = {0/1, 1/4, 1/3, 1/2, 2/3, 3/4, 1/1}.
Remark 19
For any three successive terms s 1 /t 1 , s 2 /t 2 and s 3 /t 3 of F n , the middle one is always the "mediant" of its neighborhoods, i.e., s 2 /t 2 = (s 1 + s 3 )/(t 1 + t 3 )
Another Description of Dedekind p.r. Real Numbers Hurwitz characteristic of x ∈ (0, 1) is defined as follows.
• Initially, let γ x (0) = 0. γ x (1) := 0 if x < 1/2 and γ x (1) := 1 if x > 1/2.
• Suppose that γ x (n) is defined and x is located between two adjacent fractions in some Farey sequence of the lowest order which have been used sofar, say s 1 /t 1 and s 2 /t 2 . Then defined γ x (n + 1) := 0 if x < (s 1 + s 2 )/(t 1 + t 2 ), and γ x (n + 1) := 1 if x > (s 1 + s 2 )/(t 1 + t 2 ). 
Thus, x is b-adic expansion p.r. and hence R 3 ⊆ R b 2 . To prove the inequality R 3 = R 
The p.r. Uniform Base Expansion
Here the uniform dependence of a b-adic expansion to its base b refers to the dependence of each digits to the base. This can be described by a "uniform digits function". 
If this function f is p.r., then we say that x has a p.r. uniform base expansion.
